In this paper we use the q-derivative emerging in the non-extensive statistical physics to formulate the q-tunable quantum mechanics. As an example we deal with q-tunable quantum particle in a box. Finally we discuss the q-parity problem in the infinite potential well.
Introduction
There is a growing interest in generalizing the Boltzmann-Gibbs statistical mechanics. Because the entropy plays a fundamental role in the statistical physics, the entropy should be deformed so as to construct a new ( deformed ) theory. The first attempt has been accomplished by Tsallis [1, 2] . Based on the fact that Boltzmann-Gibbs theory is not adequate for various complex, natural, artificial and social system, he introduced the non-extensive entropy is given by S q = k(Σ W i p 1−q i −1)/q, (q > 0). The non-extensive Boltzmann-Gibbs entropy has attracted much interest among mathematicians and physicists who study the complex physical system [3] [4] [5] [6] [7] [8] [9] . When the deformation parameter q goes to 1, the non-extensive entropy reduces to the ordinary one. Tsallis entropy can be written as
where q-logarithmic function is defined as
, (x > 0, q = 0) ln x (q = 0) (2) and its inverse is given by e q (x) = (1 + qx) 1/q , (x, q ∈ R, q = 0) e
This entropy gives the following probability distribution
When we compare the quantum theory with the experimental result, we often meet the gap between them. In order to cure this problem, we sometimes introduce the new potential or modify the Hamiltonian. In this paper we use the q-derivative emerging in the non-extensive statistical physics to formulate the q-tunable quantum mechanics. As an example we deal with q-tunable quantum particle in a box. Finally we discuss the q-parity problem in the infinite potential well.
q-tunable Schrödinger equation
In this paper we briefly review the q-deformed calculus related to non-extensive statistical physics. The q-derivative is defined as
From the definition of q-exponential and q-logarithm, q-sum, q-difference, qproduct and q-ratio are defined by [9] x ⊕ y = x + y + qxy
The q-derivative obeys the following Leibniz rule
and the chain rule
For this derivative the q-exponential function obeys
and
The inverse of the q-derivative called a q-integral is defined as
For this integral the q-exponential function obeys
Because the phase space in the non-extensive statistical physics is related to the position and q-velocity which is given from the action of the q-derivative on the position, the coordinate representation of the momentum operator in the new Hilbert space whose classical counterpart is the q-deformed phase space can be expressed asp
When q goes to zero, the q-derivative becomes an ordinary derivative. Then, the q-deformed Heisenberg algebra reads
The corresponding uncertainty relation is then given by
Now consider the momentum eigenvector obeyinĝ
Solving the eq.(16), we get
Introducing the scalar product of two wave functions in the q-deformed Hilbert space as
and the q-deformed expectation value of the operator O as
We know that the position and momentum operators are Hermitian. The time-dependent Schrödinger equation then reduces to
From the eq. (20) we can obtain the following relation
where the probability density ρ(x, t) is given by
and the probability flux j(x, t) is given by
Particle in a box
In this section we deal with the q-tunable quantum particle in a box. Consider a spinless particle with mass m confined to the one dimensional potential
The time-independent Schrödinger equation reads
If we replace
we can express the eq.(25) as
The general solution to the eq.(27) is then given by
From the condition φ(0) = 0 we have c 1 + c 2 = 0. Thus, we have
Now introduce the following notation:
where q-cosine and q-sine functions are defined by
or
and we used the following identity.
The Fig.1 and Fig.2 shows the plots of the q-cosine and q-sine functions.
The q-sine function and q-cosine function have the following zeros:
where t n = ln q e nπ , u n = ln q e (n+ 1 2 )π , n ∈ Z (36) or more generally we have
where
Using these properties, we can express the eq.(30) as
From the condition ψ(L) = 0, we have
The probability for finding the particle at a given position depends upon its state, and is given by
Now let us investigate the position in which P n has maximum. Because D x f (x) = (1 + qx)f (x) and 1 + qx > 0, the extreme values arise at the position obeying D x f (x) = 0. From D x P n | x N = 0, we have
where N max is determined from the condition 0 < x N < L. Thus, we have which coincides with the result from the ordinary quantum mechanics. The maximum arises when
When q → 0, we have
Because x 2i−1 (q) decreases with q, we know
so each peak of P n arises at the position which is smaller than x 2i−1 (q = 0). The plot of P n for n = 1, 2, 3 with L = 1 are given in Fig.3 , Fig.4 and Fig.5 , respectively. The averages, or expectation values of the position and momentum of a particle is given by
The expectation values of the position squared and momentum squared are The variances in the position and momentum are measures of the uncertainties in position and momentum of the particle and are given by
The variance in p increases in q, so it has minimum at q = 0, which implies that in the q-tuned theory the momentum squeezing does not appear. Consider the case of n = 1 and L = 1 with q = 0.1. In this case we have
so the uncertainty relation becomes
When we consider q = 0 case we have
Thus, we can know that the uncertainty decreases for q = 0.1.
q-parity solution
In order to investigate the q-parity we consider the following potential:
Because the q-derivative is singular when x = −1/q, we need the new definition of q-derivative which is well defined in the range −∞ < x < ∞, which takes the following form:
This new derivative obey For any positive number a, the q-integral is modified into
In the region where x > 0, which we will designate as region I, the wave function is given by
In the region where x < 0, which we will designate as region II, the wave function is given by
From the continuity of the wave function and its q-derivative at x = 0, we get
Applying the boundary conditions
we get
Therefore, 2ke
Hence, finally, the solutions of the time-independent Schrödinger equation in the infinite well are
where we used the relation e Here n is an integer from 1 to ∞. We see from the explicit expression of the solutions that n = 0 is excluded because the wave function would vanish identically. We can now look at our solutions and discuss the physical properties that are embodied in the mathematical expressions. The values of the energy are:
Solutions are labelled by an integer: this is an example of a discrete spectrum. Note that the eigenfunctions are also eigenstates of the momentum operator, the values of the momentum are:
Now we consider the q-parity relation which is given by
Under the q-parity operations the eigenfunctions are multiplied by a constant (−1) n+1 , i.e. they are eigenstate of the q-parity operator P, with eigenvalue (−1)
n+1 . The eigenvalue is called the q-parity of the state. States with parity (+1) are called even, states with parity (−1) are called odd. For a potential that is symmetric under q-parity, we have
Thus we know that (1 ± P)ψ n,q (x) are simultaneous eigenstates of H and P.
Conclusion
In this paper we used the q-derivative emerging in the non-extensive statistical physics to formulate the q-tunable quantum mechanics. As the deformation parameter q plays a role of tuning the theory with the experimental results. it gives the so called q-tunable quantum theory. We constructed the q-deformed Heisenberg algebra and q-deformed time-dependent Schrödinger equation. As an example we dealt with q-tunable quantum particle in a box. We used the q-deformed trigonometric functions to obtain the wave function and energy level depending on the parameter q. We also computed the probability for finding the particle at a given position and compared them with that for the ordinary quantum mechanics. Finally we discussed the q-parity problem in the infinite potential well. The q-deformed quantum mechanics , we suppose, will be applied to the various quantum models in which some experimental results can not be explained via the ordinary quantum mechanics. We hope that this work and its related topics will be clear in the near future.
